Introduction {#Sec1}
============

Many geometric structures related to (non-)involutive distributions can be described in terms of an underlying filtered manifold. These include contact structures, Engel manifolds, and all regular parabolic geometries. Filtered analogues of classical (elliptic) operators are usually hypoelliptic \[[@CR21]\]. It is an old dream to link local and global aspects of filtered geometry with the spectrum and index of hypoelliptic operators by studying the short-time asymptotics of heat kernels, similarly to the elliptic case. Active research in this direction started in the 1970s, see \[[@CR22], [@CR25], [@CR46]\], and was quite popular in 1980s, see \[[@CR3], [@CR26]\]. The main accomplishment had been the development of the Heisenberg calculus \[[@CR3], [@CR43], [@CR52]\] and its application to operators in contact and CR geometries. On graded nilpotent Lie groups, the representation theory allowed a harmonic analysis perspective of hypoellipticity \[[@CR16], [@CR34], [@CR35]\].

The progress on these problems has been revived by the advent of new tangent groupoid techniques to study analysis on these manifolds \[[@CR15], [@CR54]--[@CR57]\]. When the classical (elliptic) pseudodifferential calculus was described in \[[@CR23]\] in a coordinate-free way using the tangent groupoid, it facilitated the construction of a pseudodifferential calculus on general filtered manifolds \[[@CR56], [@CR57]\]. This calculus has helped resolve two main hitherto unsurmountable challenges in analysis. It first allowed an explicit handle on the parametrix of a hypoelliptic operator similar to the one familiar from the elliptic case or nilpotent Lie groups as in \[[@CR16]\]. The universality of this calculus and the existence of the parametrix \[[@CR21]\] provide a clean way to obtain a general short-time heat kernel expansion for a large class of differential operators. Remarkably, this heat expansion has the same structure as the one for elliptic operators, bringing back the old expectation that the analysis should relate local geometric properties to global invariants.

The differential operators we consider satisfy a pointwise Rockland condition, a condition on their non-commutative principal symbols that guarantees that these operators are hypoelliptic. We also present here several consequences of the heat kernel asymptotics, which are well known for elliptic operators, but are not known for Rockland operators in this generality. These include the explicit structure of complex powers of the operators, Weyl's asymptotic formula for the growth of eigenvalues, the McKean--Singer index formula, the description of a non-commutative residue for Heisenberg calculus, and the construction of a K-homology class associated to Rockland operators.

Let us look at the manifolds, the operators, and their heat kernel expansions in more detail.

Filtered Manifolds {#Sec2}
------------------

Filtered manifolds provide a very general setup to study geometry \[[@CR39], [@CR40]\]. These geometries include foliations, contact manifolds, Engel structures on 4-manifolds, graded nilpotent Lie groups, and all regular parabolic geometries. The equiregular Carnot--Carathéodory spaces considered in \[[@CR28]\] are also filtered manifolds.

A filtered manifold *M* has a naturally associated non-commutative tangent bundle, that is, a simply connected nilpotent Lie group $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {T}_xM$$\end{document}$ attached to each point *x* in *M*. The harmonic analysis of this non-commutative tangent space $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {T}_xM$$\end{document}$ is related to the analysis of differential operators on *M*. An effective way to exhibit this relationship uses the so-called Heisenberg tangent groupoid \[[@CR15], [@CR57]\]. The pseudodifferential calculus on filtered manifolds \[[@CR56]\] was constructed using the Heisenberg tangent groupoid. It was further studied in \[[@CR21]\] where we show that a pointwise Rockland condition implies hypoellipticity. We remark that the idea of Heisenberg calculus is based on the work of Debourd--Skandalis \[[@CR23]\], who studied the standard pseudodifferential calculus using Connes' tangent groupoid construction.

The Heisenberg calculus can be globally defined on a filtered manifold *M* using the Heisenberg tangent groupoid, $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {T}M$$\end{document}$. This is a groupoid that provides a deformation of the pair groupoid $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {T}}M$$\end{document}$, which is obtained by giving$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathbb {T}M=\bigl ({\mathcal {T}}M\times \{0\}\bigr )\sqcup \bigl (M\times M\times \mathbb {R}^{\times }\bigr ) \end{aligned}$$\end{document}$$a smooth structure which makes all the groupoid maps smooth. There is an action of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {R}^{\times }:=\mathbb {R}{\setminus }\{0\}$$\end{document}$ on $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {T}M$$\end{document}$ called the zoom action and the calculus is defined to be those distributions on $\documentclass[12pt]{minimal}
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                \begin{document}$$M\times M$$\end{document}$ that admit an essentially homogeneous extension to $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {T}M$$\end{document}$ with respect to the zoom action.

There is an equivalent local description of the kernels in suitably chosen coordinates. In this paper, we will mostly work with the local version; however, the global description allows a neater formulation of the concept of holomorphic families described below. In the local description, the kernels are described in a tubular neighborhood of the diagonal and the germs of diffeomorphism of these tubular neighborhood to the normal bundle is determined by the Euler-like vector field provided by the filtration \[[@CR30]\]. Here, we will stick to the original Heisenberg tangent groupoid description for global invariance of the calculus.

Rockland Differential Operators {#Sec3}
-------------------------------

Let us briefly recall the kind of operators studied in this article. These are hypoelliptic operators on filtered manifolds which are elliptic in the Heisenberg calculus described above.

Let *M* be a closed filtered manifold and suppose *E* is a complex vector bundle over *M*. Let *A* be a differential operator acting on sections of *E*. In coordinates adapted to the filtration on *M*, we can assign a (co)symbol to *A* by freezing the coefficients at a point $\documentclass[12pt]{minimal}
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                \begin{document}$$x\in M$$\end{document}$, thereby obtaining a left invariant differential operator $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma _x(A)$$\end{document}$ on the osculating group $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {T}_xM$$\end{document}$. We require that each $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma _x(A)$$\end{document}$ satisfies the Rockland condition and furthermore *A* is symmetric and non-negative on $\documentclass[12pt]{minimal}
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                \begin{document}$$L^2(E)$$\end{document}$. Examples of such operators include the sub-Laplacian for many classes of sub-Riemannian geometries, the Rumin--Seshadri operators associated with (ungraded) BGG operators on parabolic geometries, and the square of the Connes--Moscovici transverse signature operator \[[@CR18]\]. On trivially filtered manifolds, these operators are elliptic in the usual sense, and on contact or Heisenberg manifolds they are elliptic in the Heisenberg calculus of \[[@CR3], [@CR43]\].

Heat Kernel Asymptotics {#Sec4}
-----------------------

In this paper, we study the kernel of $\documentclass[12pt]{minimal}
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                \begin{document}$$t>0$$\end{document}$ and the complex powers $\documentclass[12pt]{minimal}
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                \begin{document}$$z\in \mathbb {C}$$\end{document}$ for a differential operator *A* described in the paragraph above. Rather than using the standard approach by Seeley \[[@CR50]\], we follow Beals--Greiner--Stanton \[[@CR4]\] who use a Volterra--Heisenberg calculus on $\documentclass[12pt]{minimal}
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                \begin{document}$$M\times \mathbb {R}$$\end{document}$ to describe the heat kernel on CR manifolds, see also \[[@CR43], Chapter 5\]. In our general setting, however, no new calculus has to be developed. Instead, we may regard $\documentclass[12pt]{minimal}
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                \begin{document}$$M\times \mathbb {R}$$\end{document}$ as a filtered manifold such that the heat operator $\documentclass[12pt]{minimal}
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                \begin{document}$$A+\frac{\partial }{\partial t}$$\end{document}$ becomes Rockland on $\documentclass[12pt]{minimal}
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                \begin{document}$$M\times \mathbb {R}$$\end{document}$. The general Rockland theorem established in \[[@CR21], Theorem 3.13\] thus yields a parametrix for the heat operator $\documentclass[12pt]{minimal}
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                \begin{document}$$A+\frac{\partial }{\partial t}$$\end{document}$ in the pseudodifferential operator calculus developed by van Erp and Yuncken in \[[@CR56]\]. The asymptotic expansion of its Schwartz kernel along the diagonal immediately yields the heat kernel asymptotics for *A*.

Let us emphasize that this approach to the heat kernel asymptotics seems to only work for Rockland differential operators. For more general pseudodifferential operators *P* on the filtered manifold *M*, the corresponding heat operator $\documentclass[12pt]{minimal}
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                \begin{document}$$M\times \mathbb {R}$$\end{document}$ is no longer pseudolocal in general and hence not in the Heisenberg pseudodifferential calculus. This implies that we can only investigate ungraded Rockland sequences in the sense of \[[@CR21]\] and, in particular, the results can be applied only to ungraded BGG sequences. For example, the BGG sequences for Cartan geometries of generic rank-2 distributions in dimension five are always ungraded, and we will study them in greater detail here.

We mention here two prominent features of the heat asymptotics of Rockland differential operators.

As is well known in the classical (trivially filtered) case, certain terms in the heat kernel asymptotics of elliptic pseudodifferential operators vanish for differential operators. We show that this continues to hold for Rockland differential operators on filtered manifolds. Their expansion takes a form similar to the expansion of classical elliptic differential operators. In particular, there are no log terms, and every other polynomial term vanishes. To see this, we introduce the class of projective operators, see Definition [2](#FPar17){ref-type="sec"}, which have the desired asymptotic expansion and contain the parametrices of Rockland differential operators.

Another key feature of the heat asymptotics of a non-negative elliptic operator is the positivity of its leading term. This term has geometric significance: for instance, the leading term in the heat trace expansion of a Laplace operator encodes the volume of the corresponding Riemannian metric. Let us emphasize that this positivity of the leading term remains true for non-negative Rockland differential operators. In particular, this permits to derive a Weyl law for the eigenvalue asymptotics using a Tauberian theorem.

Applications {#Sec5}
------------

The heat kernel asymptotics of an elliptic operator has many important consequences. We present here several analogous consequences for Rockland differential operators. This requires adapting the results in the context of the Heisenberg pseudodifferential calculus described above.The structure of the complex powers $\documentclass[12pt]{minimal}
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                \begin{document}$$A^{-z}$$\end{document}$ follows via Mellin transform from the heat asymptotics in the usual way. Analogous to the celebrated result of Seeley \[[@CR50]\], the complex powers are pseudodifferential operators in the calculus of van Erp and Yuncken \[[@CR56]\]. We interpret the notion of a holomorphic family of pseudodifferential operators \[[@CR43]\], in terms of an essential homogeneity criterion on the Heisenberg tangent groupoid. As can be expected, $\documentclass[12pt]{minimal}
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                \begin{document}$$A^{-z}$$\end{document}$ is a holomorphic family for every non-negative Rockland differential operator *A*.Taking the trace of a holomorphic family, whenever it is defined, produces a holomorphic function. We will show that the various spectral zeta functions have meromorphic continuation with simple poles. In particular, the algebra of integer-order pseudodifferential operators on a filtered manifold admits a non-commutative residue.Weyl's law for the eigenvalue asymptotics also follows from the positivity of the constant term in the heat expansion, or from the position and residue at the first pole of the spectral zeta function as usual. We will work out Weyl's law more explicitly for Cartan geometries in dimension five using suitable geometric choices. Surprisingly, the constant in Weyl's law is universal, depending only on the irreducible representation defining the BGG sequence.Rockland operators are hypoelliptic and hence on a closed manifold they are Fredholm. In particular, we note two consequences towards the study of their index, namely, the description of the K-homology class associated to them, and a generalization of the McKean--Singer formula.

Structure of the Paper {#Sec6}
----------------------

The remaining part of the paper is organized as follows. In Sect. [2](#Sec7){ref-type="sec"} we formulate our main results: Theorem [1](#FPar3){ref-type="sec"} on the heat kernel asymptotics and Theorem [2](#FPar4){ref-type="sec"} on the structure of complex powers. Furthermore, we derive several immediate consequences: Corollary [1](#FPar5){ref-type="sec"} on the heat trace expansion, Corollary [2](#FPar7){ref-type="sec"} on the zeta function, Corollary [3](#FPar9){ref-type="sec"} on Weyl's law, Corollary [4](#FPar11){ref-type="sec"} on the McKean--Singer formula, as well as Corollary [5](#FPar13){ref-type="sec"} on the K-homology class. In Sect. [3](#Sec8){ref-type="sec"}, we briefly recall some background for the calculus of pseudodifferential operators on filtered manifolds and introduce the class of projective pseudodifferential operators of integral Heisenberg order, see Definition [2](#FPar17){ref-type="sec"}. In Sects. [4](#Sec9){ref-type="sec"} and [5](#Sec10){ref-type="sec"}, we present proofs of Theorems [1](#FPar3){ref-type="sec"} and [2](#FPar4){ref-type="sec"} , respectively. In Sect. [6](#Sec11){ref-type="sec"} we discuss holomorphic families of Heisenberg pseudodifferential operators. In Sect. [7](#Sec12){ref-type="sec"}, we construct a non-commutative residue, see Corollary [6](#FPar41){ref-type="sec"}. In Sect. [8](#Sec13){ref-type="sec"} we will work out Weyl's law more explicitly for Rumin--Seshadri operators, see Corollary [7](#FPar45){ref-type="sec"}, and specialize further to BGG operators on 5-manifolds equipped with a rank-two distribution of Cartan type, see Corollary [8](#FPar47){ref-type="sec"}.

We would like to thank an anonymous referee for helpful remarks and another anonymous referee for thorough reading and many useful comments.

Statement of the Main Results {#Sec7}
=============================

Recall that a *filtered manifold* \[[@CR21], [@CR39]--[@CR41]\] is a smooth manifold *M* together with a filtration of the tangent bundle *TM* by smooth subbundles,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} TM=T^{-m}M\supseteq \cdots \supseteq T^{-2}M\supseteq T^{-1}M\supseteq T^0M=0, \end{aligned}$$\end{document}$$which is compatible with the Lie bracket of vector fields in the following sense: If $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathfrak tM:=\bigoplus _p\mathfrak t^pM$$\end{document}$ into a bundle of graded nilpotent Lie algebras called the *bundle of osculating algebras.* The Lie algebra structure on the fiber $\documentclass[12pt]{minimal}
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                \begin{document}$$x\in M$$\end{document}$, but is not assumed to be locally trivial. In particular, the Lie algebras $\documentclass[12pt]{minimal}
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Using negative degrees, we are following a convention prevalent in parabolic geometry, see \[[@CR11], [@CR40]\] for instance. The other convention, where everything is concentrated in positive degrees, is the one that has been adopted in \[[@CR56], [@CR57]\].
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                \begin{document}$$\dot{\delta }_\lambda :\mathfrak tM\rightarrow \mathfrak tM$$\end{document}$ denote the grading automorphism given by multiplication with $\documentclass[12pt]{minimal}
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Lemma 1 {#FPar1}
-------

With the above hypotheses, *A* is essentially self-adjoint with compact resolvent on $\documentclass[12pt]{minimal}
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One main aim of this paper is to establish the following heat kernel asymptotics, generalizing a result of Beals--Greiner--Stanton for CR manifolds \[[@CR4], Theorems 5.6 and 4.5\], see also \[[@CR43], Theorem 5.1.26 and Proposition 5.1.15\].
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---------
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Another main goal of this paper is the following result about the structure of complex powers generalizing \[[@CR43], Theorems 5.3.1 and 5.3.4\].
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Before turning to the proof of Theorems [1](#FPar3){ref-type="sec"} and [2](#FPar4){ref-type="sec"}, we will now formulate several immediate corollaries. The next one generalizes \[[@CR4], Theorem 5.6\], see also \[[@CR43], Proposition 6.1.1\].
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Proof {#FPar6}
-----
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Corollary 2 {#FPar7}
-----------
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Proof {#FPar8}
-----
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The next corollary generalizes \[[@CR43], Proposition 6.1.2\].

Corollary 3 {#FPar9}
-----------
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We have already shown that *A* is essentially self-adjoint with compact resolvent, see Lemma [1](#FPar1){ref-type="sec"}. It is well known that the spectrum of these operators is discrete \[[@CR37], Theorem 6.29 in Chapter III§6.8\] and real \[[@CR37], Chapter V§3.5\]. Since *A* is non-negative, each eigenvalue has to be non-negative. By hypoellipticity, its eigenfunctions are smooth, see \[[@CR21], Corollary 2.10\]. Since $\documentclass[12pt]{minimal}
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To formulate the next corollary, suppose *E* and *F* are two vector bundles over a closed filtered manifold *M* and let $\documentclass[12pt]{minimal}
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Corollary 4 {#FPar11}
-----------
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Proof {#FPar12}
-----

The argument is the same as in the classical case. As usual,$$\documentclass[12pt]{minimal}
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According to Atiyah \[[@CR2]\] elliptic differential operators represent K-homology classes of the underlying manifold, see also \[[@CR36], [@CR6], Sect. 17\], or \[[@CR45], Sect. 5\]. We have the following generalization for Rockland differential operators.

Corollary 5 {#FPar13}
-----------
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-----
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Pseudodifferential Operators on Filtered Manifolds {#Sec8}
==================================================

In this section, we will briefly recall van Erp and Yuncken's pseudodifferential operator calculus on filtered manifolds, see \[[@CR56]\] and \[[@CR21]\]. Moreover, we will introduce a subclass of operators of integral order, characterized by an additional symmetry, and containing all differential operators. This class will be used to show that the heat kernel expansion for a differential operator has no log terms, and every other polynomial term vanishes.
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Definition 1 {#FPar15}
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Proof {#FPar19}
-----

Parts (a) and (b) can be proved exactly as in \[[@CR56]\], see also \[[@CR21], Proposition 3.4\]. Indeed, all maps in the commutative diagram ([20](#Equ20){ref-type=""}) are multiplicative.
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Remark 1 {#FPar20}
--------

Proposition [1](#FPar18){ref-type="sec"}(b) implies that the class $\documentclass[12pt]{minimal}
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Heat Kernel Asymptotics {#Sec9}
=======================

The aim of this section is to prove Theorem [1](#FPar3){ref-type="sec"}. To this end let *E* be a vector bundle over a closed filtered manifold *M*, and suppose $\documentclass[12pt]{minimal}
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Complex Powers {#Sec10}
==============

In this section, we will present a proof of Theorem [2](#FPar4){ref-type="sec"} following the approach in \[[@CR43], Sect. 5.3\]. Throughout this section *E* denotes a vector bundle over a closed filtered manifold *M*, and $\documentclass[12pt]{minimal}
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Proof {#FPar27}
-----
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Holomorphic Families of Heisenberg Pseudodifferential Operators {#Sec11}
===============================================================

In this section, we will extend the concept of a holomorphic family of pseudodifferential operators \[[@CR43], Chapter 4\] to the Heisenberg calculus on general filtered manifolds. We will show that the complex powers discussed above do indeed form a holomorphic family as stated in Theorem [2](#FPar4){ref-type="sec"}. Holomorphic families will also be used to construct a non-commutative residue in Sect. [7](#Sec12){ref-type="sec"}.

Remark 3 {#FPar28}
--------
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Suppose *E* and *F* are two vector bundles over a filtered manifold *M*. Moreover, let $\documentclass[12pt]{minimal}
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Definition 3 {#FPar29}
------------
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Lemma 6 {#FPar30}
-------
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Proof {#FPar31}
-----

Convolution and transposition induce bounded (bi)linear maps:$$\documentclass[12pt]{minimal}
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Remark 4 {#FPar35}
--------

As pointed out in the proof above, the homogeneous terms $\documentclass[12pt]{minimal}
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The characterization in Lemma [7](#FPar33){ref-type="sec"} shows that the concept of holomorphic families considered here generalizes the definition for Heisenberg manifolds, see \[[@CR43], Sect. 4\].

Let us now complete the proof of Theorem [2](#FPar4){ref-type="sec"} by establishing the following generalization of \[[@CR43], Theorem 5.3.1\].

Lemma 8 {#FPar36}
-------
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Non-commutative Residue {#Sec12}
=======================

In this section, we consider the analogue of Wodzicki's non-commutative residue \[[@CR29], [@CR58]\] for filtered manifolds. Let *E* be a vector bundle over a closed filtered manifold *M* of homogeneous dimension *n*. We will fix a strictly positive Rockland differential operator $\documentclass[12pt]{minimal}
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We continue to use the canonical identification $\documentclass[12pt]{minimal}
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Proposition 2 {#FPar38}
-------------
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Remark 5 {#FPar39}
--------
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The following corollary generalizes a result for CR manifolds obtained by R. Ponge in his thesis, see \[[@CR42]\].

Corollary 6 {#FPar41}
-----------
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-----
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Remark 6 {#FPar43}
--------
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In case of a trivially filtered manifold *M*, the trace $\documentclass[12pt]{minimal}
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Weyl's Law for Rumin--Seshadri Operators {#Sec13}
========================================

In this section, we will work out the eigenvalue asymptotics for Rumin--Seshadri operators associated with Rockland sequences of differential operators whose Heisenberg principle symbol sequence is the same at each point. More precisely, we will assume that the principle symbol sequence, the $\documentclass[12pt]{minimal}
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Rumin--Seshadri Operators {#Sec14}
-------------------------
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### Definition 5 {#FPar44}
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The following generalizes \[[@CR43], Proposition 6.1.5\].
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### Proof {#FPar46}

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\in M$$\end{document}$. By assumption, there exists an isomorphism of graded nilpotent Lie algebras $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\dot{\varphi }:\mathfrak t_xM\rightarrow \mathfrak {n}$$\end{document}$ mapping the volume density induced by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm{d}x$$\end{document}$ on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathfrak t_xM$$\end{document}$ to the volume density $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu $$\end{document}$ on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathfrak {n}$$\end{document}$, and there exist unitary isomorphisms of vector spaces $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi _i:E_{x,i}\rightarrow F_i$$\end{document}$ such that the induced isomorphisms$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \dot{\varphi }\otimes \hom (\phi _i^{-1},\phi _{i+1}):\mathcal {U}_{-r_i}(\mathfrak t_xM)\otimes \hom (E_{x,i},E_{x,i+1})\rightarrow \mathcal {U}_{-r_i}(\mathfrak {n})\otimes \hom (F_i,F_{i+1}) \end{aligned}$$\end{document}$$map $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma ^{r_i}_x(A_i)$$\end{document}$ to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_i$$\end{document}$. We conclude that the induced isomorphism$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \dot{\varphi }\otimes \hom (\phi _i^{-1},\phi _i):\mathcal {U}_{-2\kappa }(\mathfrak t_xM)\otimes {{\,\mathrm{end}\,}}(E_{x,i})\rightarrow \mathcal {U}_{-2\kappa }(\mathfrak {n})\otimes {{\,\mathrm{end}\,}}(F_i) \end{aligned}$$\end{document}$$maps $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma ^{2\kappa }_x(\Delta _i)$$\end{document}$ to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_i:=(B_{i-1}B_{i-1}^*)^{s_{i-1}}+(B_i^*B_i)^{s_i}$$\end{document}$. Hence, the fundamental solutions of the heat equation are related by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} k_t^{\sigma ^{2\kappa }_x(\Delta _i)}=\varphi ^*\bigl (\phi _i^{-1}k_t^{C_i}\phi _i\bigr ) \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi :\mathcal {T}_xM\rightarrow N$$\end{document}$ denotes the isomorphism of Lie groups integrating $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\dot{\varphi }$$\end{document}$. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _i>0$$\end{document}$ the unique number such that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {{\,\mathrm{tr}\,}}_{F_i}\bigl (k^{C_i}_1(o_N)\bigr )=\alpha _i\Gamma (1+n/2\kappa )\mu . \end{aligned}$$\end{document}$$Note that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _i$$\end{document}$ only depends on the model sequence and (potentially) on the integers $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s_i$$\end{document}$, but not on the actual geometry. From ([97](#Equ97){ref-type=""}) and ([65](#Equ65){ref-type=""}), we obtain$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {{\,\mathrm{tr}\,}}_{E_i}\bigl (q_0^{\Delta _i}\bigr )=\alpha _i\Gamma (1+n/2\kappa )\mathrm{d}x. \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q_0^{\Delta _i}\in \Gamma ^\infty \bigl ({{\,\mathrm{end}\,}}(E_i)\otimes |\Lambda _M|\bigr )$$\end{document}$ is as in Theorem [1](#FPar3){ref-type="sec"}. Hence, for the corresponding $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_0^{\Delta _i}=\int _M{{\,\mathrm{tr}\,}}_{E_i}\bigl (q_0^{\Delta _i}\bigr )$$\end{document}$, see Corollary [1](#FPar5){ref-type="sec"}, we obtain$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} a_0^{\Delta _i}=\alpha _i\Gamma (1+n/2\kappa ){{\,\mathrm{vol}\,}}(M). \end{aligned}$$\end{document}$$The statement in ([96](#Equ96){ref-type=""}) thus follows from Corollary [3](#FPar9){ref-type="sec"}.

It remains to show that the constants $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _i$$\end{document}$ do not depend on the choice of positive integers $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s_i$$\end{document}$ as in ([93](#Equ93){ref-type=""}). To this end, suppose $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u\in \mathbb {N}$$\end{document}$ and consider $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s_i':=us_i$$\end{document}$. Then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r_{i-1}s_{i-1}'=r_is_i'=\kappa '$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\kappa '=u\kappa $$\end{document}$, cf. ([93](#Equ93){ref-type=""}). Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A_i$$\end{document}$ is a Rockland sequence, we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma ^{k_i}_x(A_i)\sigma ^{k_{i-1}}_x(A_{i-1})=0$$\end{document}$. Hence, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Delta '_i:=(A_{i-1}A_{i-1}^*)^{s_{i-1}'}+(A_i^*A_i)^{s_i'}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\Delta _i)^u$$\end{document}$ have the same Heisenberg principal symbol, i.e., $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma ^{2\kappa '}_x(\Delta _i')=\sigma _x^{2u\kappa }((\Delta _i)^u)$$\end{document}$, and thus the constants in their Weyl asymptotics coincide, see Corollary [3](#FPar9){ref-type="sec"}, Remark [2](#FPar23){ref-type="sec"}, and ([65](#Equ65){ref-type=""}). Clearly, the number of eigenvalues less than $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda $$\end{document}$ of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\Delta _i)^u$$\end{document}$ coincides with the number of eigenvalues of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Delta _i$$\end{document}$ which are smaller than $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda ^{1/u}$$\end{document}$. From ([96](#Equ96){ref-type=""}) we thus obtain$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sharp \left\{ \begin{array}{c}\text {eigenvalues of }\Delta _i'\text { less than }\lambda \\ \text {counted with multiplicities}\end{array}\right\} \sim \alpha _i\cdot {{\,\mathrm{vol}\,}}(M)\lambda ^{n/2\kappa '}. \end{aligned}$$\end{document}$$We conclude that the constant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _i$$\end{document}$ does not depend on the choice of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s_i$$\end{document}$. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Generic Rank-Two Distributions in Dimension Five {#Sec15}
------------------------------------------------

In the remaining part of this section, we will specialize to a particular geometry in five dimensions and discuss certain natural Rockland sequences over it, known as curved BGG sequences, which have been constructed by Čap, Slovák and Souček, see \[[@CR13]\].

Let *M* be 5-manifold, and suppose $\documentclass[12pt]{minimal}
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Rank-two distributions of Cartan type are also known as generic rank two distributions in dimension five, see \[[@CR10], [@CR31], [@CR32], [@CR48], [@CR49]\], the condition on *H* being open with respect to the $\documentclass[12pt]{minimal}
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The canonically associated Cartan geometry permits to construct natural sequences of differential operators over *M* known as curved BGG sequences, see \[[@CR13]\] and \[[@CR9], [@CR12]\]. Every finite dimensional complex representation $\documentclass[12pt]{minimal}
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Note that there are no non-trivial formally self-adjoint and non-negative differential operators of odd Heisenberg order.
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